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Role of correlation integrals in helical isotropic turbulence
A. Bershadskii
ICAR, P.O. Box 31155, Jerusalem 91000, Israel
It is shown that the correlation integrals (invariants) play an important, and at certain conditions
a dominant, role in helical isotropic homogeneous turbulence both in the inertial and near-dissipation
ranges. Results of direct numerical simulations and recent laboratory experiments with multiscale
grids have been used for this purpose. A possibility of spontaneous breaking of reflection symmetry
has been also briefly discussed in this context.
CORRELATION INTEGRALS
Correlation integrals were introduced into hydrody-
namics by L.G. Loitsianskii (see, for instance, Ref.
[1] and references therein). Namely, the Loitsianskii
velocity-velocity correlation integral for isotropic and ho-
mogeneous motion is
L = −
∫
r2〈u(x, t) · u(x+ r, t)〉dr (1)
For certain class of the initial conditions this integral is a
finite invariant of the Navier-Stokes (viscous) equations
for incompressible fluids. Then G. Birkhoff introduced an
additional correlation integral (see, for instance, Ref. [2]
and references therein). The Birkhoff-Saffman integral
for isotropic and homogeneous motion is
S =
∫
〈u(x, t) · u(x+ r, t)〉dr (2)
For certain class of the initial conditions this integral
is also a finite invariant of the Navier-Stokes (viscous)
equations for incompressible fluids.
While the invariance of the Loitsianskii integral is
related to the angular momentum conservation (or to
rotational symmetry - a consequence of the Noether’s
theorem), the invariance of the Birkhoff-Saffman integral
is related to the linear momentum conservation (or to
the spatial translational symmetry - also a consequence
of the Noether’s theorem). The spatial rotational
and translational symmetries correspond to spatial
isotropy and homogeneity, respectively (in this paper we
understand the term ’isotropy’ in its narrow meaning -
rotational symmetry only). Therefore these invariants
have a fundamental nature.
The velocity correlation integrals were originally in-
troduced in order to study behaviour of kinetic energy
spectrum at small values of wavenumber k
E(k) ∝ Sk2 (3)
or
E(k) ∝ Lk4 (4)
when the Birkhoff-Saffman integral S can be considered
as a negligible one.
It was recently shown [3] that there is an additional,
now velocity-vorticity, correlation integral
C =
∫
〈u(x, t) · ω(x+ r, t)〉dr (5)
that is an invariant of the Navier-Stokes (viscous)
equations for the incompressible fluids in the isotropic
homogeneous case (ω(x, t) = ∇× u(x, t) is the vorticity
field).
Generalization of the large-scale (small k) kinetic en-
ergy spectrum Eqs. (3)-(4) for the Chkhetiani invariant
C dominated motion is
E(k) ∝ |C|k (6)
Obviously the Chkhetiani invariant C can be related to
the well known helicity [3]
H =
∫
h(x, t) dx
where the helicity density
h(x, t) = u(x, t) · ω(x, t) (7)
Another correlation integral related to the helicity is
the Levich-Tsinober integral [5]-[7]
I =
∫
〈h(x, t) · h(x+ r, t)〉dr = lim
V→∞
1
V
〈H2〉 (8)
where V is the volume of the fluid motion. Unlike the
previous integrals it is an inviscid invariant [5]-[7] as
the helicity itself (the conservation of the helicty can be
related, by the Noether’s theorem, to the fundamental
relabeling symmetry [8]-[10]). It follows from the Eq.
(8) that the Levich-Tsinober integral can have a non-
zero value even when the average helicity is equal to zero.
Since the helicity itself is an inviscid invariant, as
well as the kinetic energy, the Kolmogorov’s scaling phe-
nomenology for the inertial range of scales [1] was applied
to helicity in the Ref. [11] and kinetic energy spectrum
2E(k) ∝ ε
2/3
h k
−7/3 (where εh = |d〈h〉/dt|) was obtained
instead of the Kolmogorov spectrum E(k) ∝ ε2/3k−5/3
(where ε = |d〈u2〉/dt|). At this approach the aver-
age helicity and kinetic energy are considered as adia-
batic invariants in the inertial range of scales. This ap-
proach can be also applied to the Levich-Tsinober inte-
gral as an inviscid invariant. However, one should take
into account that unlike energy and helicity, which are
quadratic invariants, the Levich-Tsinober integral is a
quartic invariant (see Eq. (8)). Therefore, one should
use εI = |dI
1/2dt| in order to apply the Kolmogorov’s
scaling phenomenology to this case:
E(k) ∝ ε
2/3
I k
−4/3 (9)
DISTRIBUTED CHAOS
Statistically stationary homogeneous and isotropic tur-
bulence for incompressible fluids is usually numerically
simulated in a cubic volume by the Navier-Stokes equa-
tions:
∂u
∂t
= −u · ∇u−
1
ρ
∇P + ν∇2u+ f (10)
∇ · u = 0 (11)
with periodic boundary conditions (where u is a velocity
field, P is a pressure field, ν is a viscosity, f is a forcing).
Well defined broadband kinetic energy spectra are
observed in these direct numerical simulations (DNS)
already for small values of the Taylor-Reynolds number
Reλ = 8 (see, for instance, Ref. [12]). Since one cannot
expect a turbulent motion at such values of Reλ [13],[14]
these spectra can be attributed to a chaotic motion of
the fluid.
Figure 1 shows, in the log-log scales, a kinetic energy
spectrum obtained in a direct numerical simulation re-
ported in the Ref. [12] (the spectral data were taken
from Fig. 2 of the Ref. [12]). The dashed curve is drawn
in the figure to indicate exponential spectral decay
E(k) = a exp−(k/kc) (12)
The dotted arrow indicates position of the wavenumber
kc (the wavenumbers are normalized by the Kolmogorov
scale [1] η = (ν3/ε)1/4). The exponential spectral decay
is a well known (but not well understood) feature of the
chaotic motions of fluids and plasmas (see, for instance,
Refs. [15]-[19] and references therein).
Increase of Reλ results in more complex chaotic mo-
tion which is characterized by an ensemble with the sta-
tistically varying kc and a parameters, and the ensemble
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FIG. 1: Kinetic energy spectrum for isotropic homogeneous
motion of incompressible fluid at Reλ = 8.
average should be used in order to compute the spectral
decay
E(k) =
∫
P (a, kc) exp−(k/kc) dadkc (13)
with P (a, kc) as a joint probability distribution for the
ensemble parameters a and kc. For statistically indepen-
dent parameters a and kc
E(k) ∝
∫
P (kc) exp−(k/kc) dkc (14)
One can consider a stretched exponential spectrum
E(k) ∝
∫
P (kc) exp−(k/kc) dkc ∝ exp−(k/kβ)
β (15)
as a natural generalization of exponential spectrum.
Asymptotic behaviour of the probability density P (kc)
at large values of kc can be immediately inferred from Eq.
(15) [20]
P (kc) ∝ k
−1+β/[2(1−β)]
c exp(−bk
β/(1−β)
c ) (16)
Then assuming a scaling of the characteristic velocity
vc at large values of the kc
vc ∝ k
α
c (17)
and normal (Gaussian) distribution of the vc we obtain
from the Eq. (16) relationship between α and β
β =
2α
1 + 2α
(18)
Using the dimensional considerations we obtain from
the Eqs. (2) and (17)
vc ∝ |S|
1/2k3/2c (19)
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FIG. 2: Kinetic energy spectrum for isotropic homogeneous
non-helical turbulence at Reλ = 100.
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FIG. 3: As in the Fig. 2 but for the turbulence with strong
multiscale helical injection.
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FIG. 4: Kinetic energy spectrum of the helical isotropic
turbulence with multiscale Langevin stirring applied at all
wavenumbers up to the dissipative scales.
i.e. α = 3/2 for the Birkhoff-Saffman turbulence. Then
it follows from the Eqs. (15) and (18) that for this tur-
bulence
E(k) ∝ exp−(k/kβ)
3/4 (20)
(cf. the Ref. [19]).
Analogously for turbulence dominated by the
Chkhetiani invariant Eq. (5)
vc ∝ |C|
1/2kc (21)
and, correspondingly
E(k) ∝ exp−(k/kβ)
2/3, (22)
whereas for the turbulence dominated by the Levich-
Tsinober invariant Eq. (8)
vc ∝ |I|
1/4k1/4c (23)
and, correspondingly
E(k) ∝ exp−(k/kβ)
1/3. (24)
DIRECT NUMERICAL SIMULATIONS
In recent DNS reported in Ref. [21] the Navier-Stokes
equations Eqs. (10-11) were numerically solved using
two types of forcing: one - with energy injection applied
at a large-scale (kf ≃ 2.2) and another - with helicity
injection applied at all scales (multiscale) belonging to
the supposed inertial range. Both forcing funtions f(x, t)
were divergence free and delta-correlated in time.
The kinetic energy spectrum, obtained in the DNS
for the first type of forcing (non-helical turbulence) at
a statistically steady state, is shown in figure 2 (the
spectral data were taken from Fig. 1 of the Ref. [21],
Reλ = 100). The dashed curve is drawn in the Fig. 2
to indicate the stretched exponential spectral decay Eq.
(20) corresponding to the Birkhoff-Saffman (non-helical)
turbulence. The dotted arrow indicates position of the
wavenumber kβ . Figure 3 shows the kinetic energy
spectrum, obtained in the DNS for the second type of
forcing (maximally helical turbulence) at a statistically
steady state (the spectral data were also taken from
Fig. 1 of the Ref. [21]). The dashed curve is drawn in
the Fig. 3 to indicate the stretched exponential spectral
decay Eq. (24) corresponding to the Levich-Tsinober
invariant dominated helical turbulence.
In another recent DNS [22] a strong multiscale
Langevin stirring was used for the helical injection in
an isotropic homogeneous turbulence. The helical forcing
was a Gaussian white-in-time with a power-law spectrum
and energy injection was applied at all wavenumbers up
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FIG. 5: The same spectral data as in the Fig. 4 but with the
Chkhetiani invariant approximation Eq. (22) for the near-
dissipation range.
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FIG. 6: Kinetic energy spectrum (spherically integrated) for
the helical turbulence forced by the Euler large-scale forcing
scheme.
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FIG. 7: Kinetic energy spectrum for the narrow-band forced
helical turbulence.
to the dissipative scales. Figure 4 shows the kinetic en-
ergy spectrum, obtained in the DNS (the spectral data
were taken from Fig. 2b of the Ref. [22]). The dashed
curve is drawn in the Fig. 4 to indicate the stretched ex-
ponential spectral decay Eq. (24) corresponding to the
Levich-Tsinober invariant dominated inertial range of the
helical turbulence.
Figure 5 shows the same spectral data but the dashed
curve is drawn in the Fig. 5 to indicate the stretched
exponential spectral decay Eq. (22) corresponding to
the Chkhetiani invariant dominated near-dissipation
range of the helical turbulence (let us recall that the
Chkhetiani invariant, as well as the Loitsianskii and the
Birkhoff-Saffman integrals are invariants of the viscous
Navier-Stokes equations [3],[4]). The dotted arrow
indicates position of the wavenumber kβ . Naturally,
the Chkhetiani invariant dominated range is overlapped
with that dominated by the Levich-Tsinober invariant
in this case.
The interplay of the Levich-Tsinober and the
Chkhetiani turbulence can be also seen in the results of
a recent DNS reported in the Ref. [23]. In this DNS an
Euler large-scale forcing was applied in order to obtain
a helical homogeneous turbulence. This type of forc-
ing resembles truncated Euler dynamics [24]: the low-
est wavenumber (forced) modes, belonging to a sphere
0 ≤ |k| ≤ kf , are obeying the incompressible ideal Eu-
ler equation, while being independent of the other modes.
The modes with |k| > kf obey the incompressible Navier-
Stokes equations, while being dependent on the modes in-
side the Euler (forcing) sphere. The inviscid invariants of
the ideal Euler equation are conserved in this truncated
system. Solenoidal random velocity fields with a given
kinetic energy spectrum were used as initial conditions
(Reλ = 136 and kf = 1.5).
Figure 6 shows the kinetic energy spectrum (spher-
ically integrated), obtained in the DNS. The spectral
data were taken from Fig. 3b (the case c1h) of the Ref.
[23]. The dashed curve is drawn in the Fig. 6 to indicate
the stretched exponential spectral decay Eq. (22)
corresponding to the Chkhetiani invariant dominated
near-dissipation range of the helical turbulence (the
dotted arrow indicates position of the wavenumber kβ),
whereas the straight line is drawn for reference of the
scaling law Eq. (9) corresponding to the Levich-Tsinober
invariant dominated inertial range. And again (as in the
previous case) the two ranges are overlapped.
In recent DNS Ref. [25] the large-scale helical forc-
ing was applied at wavenumbers kf ≤ |k| ≤ kf + 1 with
kf = 4. While the forcing amplitude was fixed its Fourier
modes phases were randomly varied. Figure 7 shows the
kinetic energy spectrum obtained in the DNS (the spec-
tral data were taken from Fig. 2b of the Ref. [25]).
The dashed curve is drawn in the Fig. 7 to indicate
5the stretched exponential spectral decay Eq. (22) cor-
responding to the Chkhetiani invariant dominated near-
dissipation range of the helical turbulence (the dotted
arrow indicates position of the wavenumber kβ), whereas
the straight lines are drawn for reference of the scaling
law Eq. (9) corresponding to the Levich-Tsinober invari-
ant dominated inertial range and to the low-wavenumber
scaling Eq. (6) corresponding to the Chkhetiani invari-
ant.
LABORATORY EXPERIMENTS BEHIND
MULTISCALE GRIDS
It is commonly believed that turbulent flows behind
mechanical grids can provide laboratory simulation
of isotropic (in a wide sense - including the reflection
symmetry) homogeneous turbulence (see, for instance,
Ref. [26] and references therein). However, direct
measurements of helicity in the turbulence behind the
grids indicate violation of the reflection symmetry [27].
Moreover, the Levitch-Tsinober integral Eq. (8) can
have a finite (non-zero) value even when the average
helicity is eqial to zero. Therefore, helicity related effects
can play a significant role in the turbulent flows with
zero average helicity, especially for the multiscale forcing
(see above). In recent years the multiscale grids were
actively used in the laboratory experiments and it is in-
teresting to look at results obtained in these experiments.
Figure 8 shows the one-dimensional (longitudinal)
kinetic energy spectrum obtained in a laboratory exper-
iment [28] with a multiscale grid at distance x/M1 = 20
behind the grid (where M1 is the largest mesh size of
the grid). The Reynolds number based on the mesh
size M1 is Re = 6 × 10
4. The figure corresponds to
the Fig. 8 of the Ref. [28]. The forcing geometric
scales are uniformly distributed over the range of energy
containing scales. The dashed curve is drawn in the Fig.
8 to indicate the stretched exponential spectral decay
Eq. (24) corresponding to the Levich-Tsinober invariant
dominated turbulence. One can see that although there
were no special attempts to inject helicity in the flow
the helicity related Levich-Tsinober invariant apparently
plays a significant role in the inertial range of scales.
It can be considered as a kind of reflection symmetry
breaking, even if the mean helicity is still negligible in
this turbulent flow (cf. Refs. [5],[7],[29] and references
therein).
Figure 9 shows the one-dimensional (longitudinal) ki-
netic energy spectrum obtained in a laboratory experi-
ment [30] with a multiscale (’fractal’) grid at distances
x/M = 25, 35, 44.6 behind the grid (where M is the
largest mesh size of the grid, Rλ ≃ 94, 86, 81 corre-
spondingly). The normalization used in the Fig. 9 results
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FIG. 8: One-dimensional (longitudinal) kinetic energy spec-
trum obtained in a laboratory experiment behind a multiscale
grid.
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FIG. 9: Normalized one-dimensional (longitudinal) kinetic en-
ergy spectrum obtained in a laboratory experiment behind a
multiscale (’fractal’) grid.
in a single (collapsed) spectrum for the three distances
from the grid (the spectral data were taken from the Fig.
9b of the Ref. [30] and λ is the Taylor microscale [1]).
The dashed curve is drawn in the Fig. 9 to indicate
the stretched exponential spectral decay Eq. (24) cor-
responding to the Levich-Tsinober invariant dominated
turbulence (the straight line corresponds to the scaling
(9) in the large-scale part of the inertial range).
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